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Several independent proofs are given for certain interesting operational represen- 
tations for the classical Laguerre polynomials. At least one of the proofs presented 
for each result is based upon some rather elementary derivative formulas for the 
Laguerre polynomials, and is markedly different from the proofs given by earlier 
authors. A (presumably new) finite summation formula for the Laguerre 
polynomials has emerged naturally in this investigation. (” 1989 Academic Press. Inc 
1. INTRODUCTION 
In the usual notation, let 
where L:‘(x) denotes the classical Laguerre polynomial of order (index) a 
and degree n in x. For these polynomials, the most frequently encountered 
operational representation is the so-called Rodrigues formula 
L’“‘(x) = x 
-‘ex 
n - D”jx”+‘e ‘f, n! 
(I.21 
where, and throughout this paper, D = d/dx. 
The usefulness of the operational representation (1.2) is obviously 
limited because the differential operator D” acts upon a function which is 
dependent also on n. An operational representation without this apparent 
drawback is due to Viskov [6]: 
qqx) = ( - l)” ex 
n! 
[xD”+(l +u.)D]” {ec’). 
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Banerjee [l], on the other hand, gave the operational formula 
L’“‘(x) = (- 1)” x 
-a x 
n -$ [xD2 + (1 - ~1) 01” {xae-“}, (1.4) 
which incidentally involves a differential operator of the type occurring 
in (1.3). (See also the concluding remark in Section 3.) 
For a = 0, both (1.3) and (1.4) reduce to an operational representation 
for the simple Laguerre polynomials, which was given earlier by Rtdei [3]. 
Indeed, as already observed by us elsewhere 141, Redei’s formula is an 
immediate consequence of the well-known result (1.2) with a = 0. 
The proof of (1.3) by Viskov [6], as also the proof of (1.4) by Banerjee 
[l], depend rather heavily on the operational representation (1.2). The 
object of the present paper is to develop several independent proofs of each 
of these operational representations by employing such elementary 
derivative formulas for the Laguerre polynomials as 
D”{eexLt)(x)} = (- 1)” e-“L?+“)(x) (l-5) 
and 
D{x”e-“LIP;)(x)} = (n + l)x”-‘eP”L~;rl)(x). (1.6) 
At least one of the proofs presented here in each case does not make use of 
(1.2) which was employed by the earlier authors. 
2. DERIVATION OF THE OPERATIONAL FORMULA (1.4) 
Making use of the elementary operator identity 
xD2 + ID E x1 - “Dx”D, (2.1) 
where 1 is a constant, we can rewrite (1.4) in its equivalent form: 
-sex 
L?)(x) = (-l)‘+ (x’Dx’-~D)” (x”ecX}. (2.2) 
First Proof: Denoting the second member of (2.2) by a,, it is easily 
verified that 
R,=a+l-x=L’,*)(x). (2.3) 
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Assuming that (2.2) holds true for some fixed positive integer n, we find 
from (2.2) and (1.6) that 
!2 
X -‘ex 
PI+]= - x (x”Dx’ ~ “D){ x”ep-‘L~)(x)} 
= -e’D{e-“L;;,‘)(x)} 
= u2 ,(x), 
in view of (1.5) with n = 1. This evidently completes our proof of (2.2) and 
hence also of (1.4) by induction, without using the operational represen- 
tation (1.2). 
Second Proof Recalling the operator identity (cf., e.g., [6, p. 28, 
Eq. (711) 
(x-j.D,TA+ 1 D)?3~X-i.DnXi.+11Dn, (2.4) 
which holds true for any constant 2, the second member of (2.2) is precisely 
(2.51 
Now make use of ( 1.2) with a replaced by CY - n, and we find from (2.5) and 
(1.5) that 
Q,, = (- 1)” exD”{e-“l~-“)(x)} = L:‘(x), (2.6) 
which proves (2.2), and hence also (1.4), without using inductive 
arguments. 
Third Proof With a view to proving the operational formula (1.4) 
directly, we make use of the operator identity 
(xD2+]uJ))“= i n r(A+n)XkDli+k 
0 ,c=t, k r(A+k) 
(2.7 
in conjunction with (1.2), and we thus obtain 
Formula (2.8) follows immediately from the special case m = n of the 
interesting (presumably new) identity 
(m + k)! L:;;)(x) = (-x)” m! L;‘“‘(x), (2.9) 
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which, in turn, can be proven fairly easily by appealing to the definition 
(1.1) and certain elementary results in the theory of hypergeometric ,F, 
and ZF1 functions (cf. [S, Chap. 11). 
3. DERIVATION OF THE OPERATIONAL FORMULA (1.3) 
Each of the methods of proof of the operational representation (1.4), 
which we have detailed in Section 2, would apply (with relatively less com- 
plexity) to the derivation of Viskov’s formula (1.3). For instance, writing 
(1.3) in its equivaZent form 
L~)(x)=(-~~“~“(x~“Dx’+“D)” {epx}, 
n. 
in view of the operator identity (2.1), if we denote the right-hand side of 
(3.1) by A,,, then the second step of our proof of (3.1) by induction 
becomes 
A 
X -sex 
n+l 
= -n+l(Dx 
‘+“D){e-“L?)(x)} 
e =- xn+lXD{ X l+~e-xLp+“(x)} 
where we have employed (1.5) with n = 1, and (1.6) with c1 replaced by 
c?+ 1. 
The second proof of (1.3) via (3.1), using (2.4) and the familiar 
operational representation (1.2), is precisely the proof given earlier by 
Viskov [6]. 
Finally, the third (direct) proof of (1.3), using the operator identity (2.7) 
with A= CI + 1, is a lot simpler than the corresponding proof of (1.4); 
indeed, since 
(3.2) 
the right-hand side of (1.3) equals 
(-X)k= i (ET;) t--y)’ 
k=O 
= L’*‘(x) n 3 
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in view of the definition (1.1). This remarkably elegant proof of Viskov’s 
formula (1.3) was presented, in a rather involved setting, by Ghosh 
[2, p. 381 who also commented on the following alternative form of 
Viskov’s formula (1.3): 
q’(x)=; [(XD-x+a+ l)(l -II)]” {l}, (3.3) 
which was, in fact, proven by Viskov [6, p. 281 by induction. 
We conclude by remarking that, in view of the easily verifiable identity 
[XII2 + (1 - cx)D]” {xxr(x)} = x”[xP + (1 + cr)D]” {f(x)), 
the operational formula (1.4) can be deduced direct1.v from (1.3), and 
vice versa. 
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